
Chapter 2 - Electrostation

Principle of Superposition
The interaction between two changes is completely unaffected by other changes
As a result

,
the total force on a particle and the potential are given by the sum of the two body fonces and potentials respectively

Coulomb's Law and Electric Field

Force on change Q at positioni by collection of point changes ag at ins
F= QE =

j
= 5) - 5

)

E(F) = (4πE0)" =(9j/r])Ej E = 8
.
85 . 10

% CNo S Permitinity of free spoce

Fonce on test change Q position I due to continuous change distribution

F = QE

E() = (4 +3)/ by da ( xd) vodavgbt
E is not constant and conmot come out as it changes depending on the position of the distribution treated

Field Lines and Flux

Field lines of describe strength and direction of field .

· The stronger the field ,
the desen the field lines .. . e. biggen flux

· The further from source we are the raner field lines geta.
.e. solled flux due to Area

Any field line must either poss through the sunfoce on stant terminate on an opposite change
i.e. Flux is a meosae of te total change inside

Flux of E through a sunfoce S is given by EEFS
,

E . dat

The flux obeys the superposition principle for all changes q enclosed in s Divergence of E :

=IE:
where is the electric field generated bya change q

. E = (Ed)) . () f) de
V

The total flux is a collection of the flux through S of sphenically symm. Es of change qu
= (E)(US (-#)f(F)be

As = d = (hted: d) = / ,
we hove d = (i/ed) = ema

= f(F)/Eo

If 9 : da we hove :

Integral form of Gauss Low: . d = (f(E)be

Differential form of Gauss Low :
. E = f/Eo

N
.
B. 1

.
To fully exploit Gauss Low :

1) Choose sunfoce S of constant volue E

e .g. Sphene for point change on uniformlychanged sphere
Pillbox for uniformly changed sheet

2) Integrate oven sunfoce and extract constant IE

3) Solve integrols and realhoge to find IEI

N.
B. 2

. If multiple objects theat sepanatelyand innoke superposition

Curl of Electric Field

In sphenical coondimates : =don nde usino do

E di = 9:E a i d =o

Stokes Theorea : JEXEd = E de

i. e.x = 0 and thus X= 0



Electric Potential

As EXE = O thetime integral of E is independent of the path Potentials include both divergence and curd of E naturally:

Define Potential w .
n . t

. reference point O as follows : 1.. = = P . (- =V) = - V on V = f/Eo

v() = -f . di 2 .
x E = Ex (- EV) = 0

Vir-V(ra)=V. de =- . de E= -V
Ha Na

N
. B.. O is generally a such tat V (A) = O Relationship Summang

N . B. 2 .
Potentials obeysuperposition principle

For localised change distributions

V (E) = (UE) = (UE)

Boundary Conditions

Check Book

Work and Emergy
Potential difference between ha and p is the work per unit change required to caring a particle from point a to point o i

. . .
= QIVCVCELI

If a
Ca and D we have WEQUEQUCE) s Energy required to blingchange into the system from infinity

However, to assemble system one change at a time we hove : We CAME gi as odding a new change offects potential for next change

Reolhange into = :CE ) = A 9:V(i) · energy of cheotion of the config.
The CI is to ovoid double counting
VCE refens to the total potential conce system is assembled of location of gi

For a continuous change distribution : We ESVd N. B. integration oven onl volume will work as terms with goo concel

Substituting g = E..E and integrating by ports we get :
-

w = 13 /Ed + V . d This is the total emergy stored in config.
-

s As ong volume works and E term increases with increasing volume:
↳

i . e. energy of creation of (changest comfig)
W = Ed (Oven all-spoce) i.e. Energy density of field : E

c emerg stored byfield

N. B. Superposition does not work on W Co .e. We EW) as there are E and VE integrals

Conductions

Look at book



ChapterB Magnetostatics

Magnetic Fields

Due magnetic forces , parallel currents attract while ontparallel currents repel
A stationarychange generates an electric field E

A moving change (i.e. cument) generates and B

Magnetic Force

F
mog

= Q(vxB) i
. e. Lorenz Force Low

== QCEEXB) <Axioo of theory ,
cam onlybe denived from pr. of least action

Mognetic forces do no work i.e. W
mog

= O

mog
· di = Q(x 5) . vdt = 0bWmog= F

Currents Total cent chossing surface S : If da = f
,

da

Currentis Change per cont time Unit. A = CIS Total current beoving volume V .. I f . d = SLE.C de

cunment is a rector oriented along te direction of motion of changes I = -/g + = = ((89)de
se . g.

Lime change X trowelling through wine with speed. I= X n Continuity equation : F. + 8 =

>

· Fmog= ((0 x B) dq = )(l x B) de

Im gemenal :

F = SIL XBC Come calment I= X
mog

Emog = /(KXB) da Sunfoce current = ov

Emog = /CXC de Volume current =gr

Biot-Saront Law

(F.5) = (65/67) = 0

1

I

Continuous
,

constant flow of change i
.e. (G/)= (6)= O

moving change is not a steodycurrent

Biot-Sonant Low Cooly for Steody Carp
. ) :

M

B()=Nofe Il = Wolf de Line Cunent E e Mo = 4 . 107 N/A?C

1T = 1N/ (A . m)

(n)= LEdiin Sunfoce Cannent = O

B(E) = Mof(Exee Volume Current F= gz

Divergence and Curl of B

Using Biot-Sonort Low :

1.
. . = M . ( x d = = 0 as divergence of a Cul is always zero

2 .
Ex= /x(x ) de EXB

= or equivalently B.pro Inc Where Fenc f
,

da

Ampene's Low isalways volid
, just like Gauss Law

,
but not olways useful

Use goass low only when symetingallows to tok B out of the integral



Vector Potential

Just as one com define E = -Ev to home XE = 0,

one con define the vector potential to home = x and V. B' =

Carl of B : XB = X (EXS = EC.S - EA=
We com odd a the gradient of a scalar x with no effect on B CEXEX O

X com always be chosen such that F. I = F.Fox X
->

If · As goes to zeno of infiminity: X= E.A
G I E

C

For 2 = -Mo and I so as I :

↑ ()=Nof(d N. B .
Conmot be used for open steody currents as 5= conse

N . B .
2

. Ondimonily Il
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Moxwell's Equations-

1. E Gauss (Flux of E through closed sunfoce) = (Change insidel
o

c
..

+ E = - 05/E Foradoy (time integral of E around a loop) =- CFlux of I through loop
3

. .
= 0 No mog. monopoles (Flax of B through closed sunfoce) =o

= JE
L4.+ =

- t
&t Ampène-Moxwell 3 (Integral of B oround a loop) = Carment through CoopI Flux of E through the loop)

Conservation of change : FF G (Flux of curnent through a closed sunfoce) I change inside

Force Low : F = q(E + Ex B)

> Disoppears in fundamental physics ,
homiltonian is a much stronger statement

However, Loghangion is even more fundamental as Homiltonian is non relativistic and Lagnongian stems from principle of least action

2 and 3 are homogeneous
1 and 4 are inhomogenous i . e. home change

While Maxwell's equations are invariant under mony simmetry operation they are not monifestly Conentz immancant

Vectors

A rector is on element of a vector spoce Vectors and Teasons are conaniont on contronancant a.e. change in one way of another when a thomef.

e . g. In Vetospewho E
Scolas one olways Corrente Invorciant

Applying
However

,
to Write Ecod I in cononiont form we need terson fr

Thomaformat ond B
> Moxwell's equations need to be written in Lorente inn form

Inhomogeneous Maxwell eg . SFM J > Cononiont both sides

Homogegenous Maxwell
eg : G(EC = 0 Zero rector is innoncent

QED

E and B are operators with quantised eigennole E > Moxwell only volid for mochoscopic situations

Currents arereduced to changes of elemento particles Photoms are the quanta Sno change,
no mass but s = 1)

Potentials

È and ore emergent
= -V Ge Electric Potential e 3 V

,
I one fundamental and form AM I... the photom field

B ==x 5 Auxilion Field I . Thought to not be fundamental

-

LPhotom field : AM = (V ,
El > Equations of QED do not home

,
but rather AM

Requirement of Goage Involiance : GA= O QED = QM + SR and QED is on example of QFT

> As photons have =o S = 1 we only home two polanisations E is on operator ,
I is a parometen

2 degrees of freedom ,
V ond comp.

must be coupled x and + one on equal footing

To menge QM ond SR ,
two options:

1 Promotet to operator I
,

E= O i.e. Impossible !
2 Demote x to prometen < Fields become operators e .g. AC

, t) is a quantan Lorent con . field



Lecture 12 . 02 .
2024

Review Chopten 7 and 10

Moxwell's Equations
1

. Gauss : In words : Flux of E Through surface is proportional to enclosed shonge
↳. Ampère :

E i

I J + NoE In words : Rotation of B is proportional to currentt displacement carmentUg

3. Fahodoy:
Ex E= -

& B
In words : Rotation of E is equal to the nate of change in theme of B

St

74. Anti-Dinoc: . = 0 In words : Flux of B through surface as alwoo teno No monopole sounces of B
&

+ Continuity Equation: O . j = 0 In words: Change over time in enclosed change must connespoond to on comput flowing cunment

Total change is conserved

The displacement cunment emsules change conservation i . e . if it were missing Jo and by continuity equation off =o

Thus, Ampène-Moxwell Continuity equation

Deninations Related to continuity equation
1 Conserved Change i .e. Q = O

By Continuity equation : Og/Jt = - E.E

Change enclosed byvolume with surface S : Q =Sa
Q

=

da 66x" 6Q
V

As Q is integrated oven space there is no explicit x dependence i

dt bt
+

2x) +
=

St

Them: =s (E.st
= -

vd
= -f . daBy the divergenge Theoremi

dt

The change over time of the chonge enclosed byvolume is equal to the cunment escoping through the sunfoce

If I all spoce ,
s s x and theme is no cument escoping the through the sunfoce i

.
e. =O at x s Q is conserved

2 Moxwell's Displacement curment :

Gouss Law : 5 · E = - f/Eo
>

No mognetic Monopoles: = . B = 0

Continuity Equation : s = -.

Them : E . E -. on =
CE

=Eg 6t -

O

As the divergence of a Cund isalways Zeno :

x(/) Identified byunits and Ampère's Low

Moxwell's Equations in Potential Formulation

The curd of a gradient isalways zeno ... Ex CEV = O

The divergence of cund isalways zeno i.e. E. CEX = o

Carl of Carl : Ex (X5) = E(F. E) - 5 =

t
=Them : B= EXA (such that E. B O) and E = -FV-(SE

Gowss Law becomes:
. (V) + . C = V +

-
(EN) = gl-

St
->

Ampère's Law becomes: Ex (EXI) = F(F.) - E A = q 05 + ↑0 C -EVGA

Thus Moxwell's equations com be whitten as

1. Gauss : fav + (6/6t)(.) = -E s
2. Ampère: = - N.30 ( A/JE) = =(. + MoE (2V/67) -No
3. Foraday: É = -V - (6/st)

4 .
Anti-Dihoc : B = X A

Thonkfully this theory presents Gauge Freedom i
. e. We com set (FICOVE =O /Lorenz Gange) without consequences



Thus Moxwell's equations com be whitten as

1. Gauss : v = f/Eo N .
B. 1 .

Ond 2
. ahe now Inhomogeneous Wove Equations" :

2. Ampère: À = Mo · The terms Se and pos are called source terms

3. Foraday: É = -V - (6/st) · The=-1e operator is known as d'Alambertian

4 .
Anti-Dihoc : B = X A Gud" Ar

Remoins volid in allimential

The I operator com be whitten as a whereb). Therefore,
I is Lorenz Innoncent reference fhomes

By exploiting AM-CV
,

EC and JM-CG ,
Il we con combine and a into one single equations GAMo

As both AM and IM nonform as rectors ander Loment tronsformations and by M is Lorenz immancant
,

this formula is monifestly Lorenz Cononiont

Gauge Transformation and Freedom

A and V one completely determined by equation (3) and (4) of the Moxwell's set
.

As such
,

we are free to choose onl
A ond V as long as it does not offect E cod B

Theopplication of transformations on A and V that do not alter E ond B one called Goage Tronsformations

Which transformations are Gauge tonsformations?
S

A A =
1

+ 2, B= Fx A = EX A

V · Vi = V + B ,
E = - V - (Ast) = - EV - (GAY/St)

As a result :
X= 0 and B + (0xH) = O

We com thus white =If where I is only scalar function

If follows that (B + 6/st) = KCH = 0 Where KLH is onl function indepeat of position

A Goage tronsformation is thus only tronsformation that odds S to A and odds CH to V

Colomb Gange
Set A = O

Poison's equation : V(xH) = /SCI) Be

Moxwell equations becomes The potential changes instantemeously as change configuration changes ,
which is not possible in SR

.

1. Gauss : V =-f/E This is due to the lock of Lorente in in Coulorob goage.
Retaundation is still montained by I and

2. Ampère: -

.
30 ( A/(E) =

Mo 30 (2V/67) - Mo
thus E and B present retaindation

3. Foraday: É = -V - (6/st)

4 .
Anti-Dihoc : B = X A

As a result
,

Maxwell equations are not monifestly Lonent immancant with the Couldob Gauge
Nometheless

,
one com recover the previous equations by splitting conto :

· Logitucimal/Innotational Cunnent :
e

with Xe = 0

· Thomavensal/Solemoidal Calment : If with E .F = O

As such I com be whitten as Se f , IfI = C/ cons such that Ex o Af
As we have the freedom of choosing onl I has long as the units are connect

,
we choose fo where IVS N..C and ISCPCNo such tat IFS Cros

As a result :

5 = 5 e +5
+ Ampère: - MOE (6A/GE) = - Most

As a result
,

the photon only presents the 2 thoms I degrees of freedompolatization and no longitudinal polanizations as it only couples to
+



Denining the Wore Equation
General wove-equation : =-4f( ,

t) where is the wore-function and f(,t) are source tems

We com go from time to angular frequencyand viceversa by applying a fouren thomsform :

-ict
↑(, = (

,
use-ictd f(E ,

t) =

2, (E,
use du

↑(, w)= (
,
n eiwtt -(E,

w) =jof( ,
t) eiwt

By plugging this into the wore equation : SEK PCE, S =- CE , w) "Helmholtz Equation with W

Let's now introduce the Green function GCEE where I is te position that we one interested in and I as the position of the sounce object e .g. change

TheGreen Function is theimpulse response of on inhorogeneous limean differential operator L i
.e. 6 satisfies LG S

Since the source distribution is a sum of S-functions one con solve LGS first and them exploit the superposition principle to determine the complete solution
.

In this case: (GK(, = -GS(-) or (+2) G (r) = -4) (R) where R= -x New coonclimate system
1------As GK is a function of R

,
we con switch to sphenical coonoimates : f = (R (RJ) +

..

-
im IR

Them
,

Helonholtz equation becomes :

1b
(RGk) + k

2

Gk = - 4πS(R) in
R dR2

This equations turns into a homogeneous one when Rf0 L ------

E G -

(d/dR2)(RGk) +
>

(RGk) = 0

The general solution becomes : RG ARBER

Im general : Gk() = AG"() + BG(R) where 6(R) = /R

I R 1
, lin RGK = (AB) = 1 ond GK R

Toinclude timedependencewe flwiSe sieuch that fl,
w) = B(-E t

e

· If R0
,

the solution becomes : G( w) = AG(R
,
w) + B6*(R

,
w)

, 6
*

(R ,
w) = 6.

*(R)eict where

C

Doing a Formen thomsform : CRESik -int
do with E = E-H 6

* (R
,
5) = 1 S(E = R(c

Them we have two solutions CES-SCAFE
,

refanded omesE
' - E

· G is the odvanced solution

· is the retaded solution

Themi

V(E,
7) = 1((x = s(t) - ret

4TEO R

A(, t) = =( , tretR net = Evaluated at retanded time

General solution to wore-equation by means of Green's Functions

p(* (E, +) = (G
*

(,
+ ; =

, h) f(E , E') dec

~ P( , H = ) Essets.net e e
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Retonded Potentials

As electrostatic wors thowel at the speed of light , changes in change and cunment density do not reflect instantemouslyon fields and potentials
i.e. Information trowels of finite velocity and thas changes in potential / fields reflect configunctions of contientines

The te it takes for information to trowel a distance R is given by At = RIC

The contier time that needs to be considered is the retanded time trattat = -RIC

x = Position ot which potential is evoluated

x = Source position In this case :

R
'

x'- x

-

R

intenBelen f(x) ,
t) = qS(xi - x(t)

net = Evoluated at retanded time i
.e. E' thet = j(x)

, t) = qv(t)f(x) - x (t)
Rit 9

The general solution to Moxwell's Potential equations, 2
9

V (x
, t) = (UπEo)" (BIS(x , E)]ret

-

= (n,
t) = (No(9π)((x) 5(E, t')

- net

R 8 x'(t)
9

N
.

B. Advanced solutions (i. e. tob RC) are equally solutions to Moxwell's equations
However they one amphysical as they violate the principle of causality

Example 10. 2 1Z
I

Question: Infinite straight wine canies canment ICH Io OCH
↑ I(t)

--- 1

E
Find E ond B

-- St

E

x

Solution : As glAY, O Ax, I we are left with ACA, Il ↑
Cannent density given by 5 (x"

,
+) = ICH S(x) S(y)

Wine has cylindnical seting such that RIPXY = S + z

Integration boundances :

thet = t - R/c < z = Ic(t - thet)
=
3

As only from thet O we have a morzeno ICA we get : Z = I ct - so

- -> Ct- S2

I - Kits-tretBx =

Noe I È dz
Them : A CS,

t = No
2 o

52 + z2

As 2 cosh(a) = exe and 2 simh(u) = e + e we hove cosh(u) - sinh(u) = 1

= 5 simh(a) <de = scosh(u)du and 2(s) e - ed+ 1 = 0

Them : e" = (z(s) = (z(s) + 1 oh u = (m((z(s) = (z(s)+ 1)
As ac,0 ,

a = (m((z(s) + (z(s)+ 1)
Also : dz/ st + z2 = du

-
(ct)2 - 52

Them : A (S,
H = noto m (((s) + (s)+ )

.

= Noto e (
The field are :

Ast , o , >0

NoI
OAs + >

,
B

Is
↑



Jefimenko's Equations
Exploiting E = -V-(JÄ/H and B = EX one com write moxwell's equations as follows :

1. BE = - (Ej + 1 /

2
.
25 = NoX5

Proof :

E= - c
=

V + (GAYst)
.

= - (t(V) - =2 (GA/St)

(8E/7) =
- 5 (83/6t) - (035/JE)

E-PoE(6/p) = - E V - o (6V/)
.

- 8 A - No Es (62A/+2) =

= (D v) + (0(2t)(
>A) =

= (g(0) + po(05/Jt) =

=.Eg + c
3 (65/6t)/Eo

As these equations are inhomogeneous wore equations the solution con be found byusingthe general formula (poge 4)

The solutions are known as Jefimenko's equations
The Jefimenko's equations are :

165
From wore equation . EFRESCO not

B=

No( x -net

A M

R
-

Jg(x), t)
-

R

-

65(x, +)
From potentials : E=E /x get . netter

- St ret
iti e =- (elet

-
nett X

-It' - ret
32

E =

( = /(x) [ If(t) - ret+ sent=L ne] B =- Sett
Note : [f]ret [f]net

Denination of Jefimenko's equations:

The retanded potentials are : R = x - x such that
j

= j
- R j

V(x,
t) = (4πE)"((x S(x, tr)

tr = t - RIC

A(x)
,
t) = (No(a))(3x, 5(xtr

R

The gradient of VCAH is : EV = (GEOX Stret CateE .Lüget(Rg( , n (R)
O

↓
JR-

-

The(OAH is : (OAS = (NOG ( E = (po)( tu + 5,tu
-

s(t)
as (3tn/st) = 1-

R -
St

- het

The cand of Ac . EXA COC EXECONSENEXCESCERCA toR

Computing R related quantities:
As I is in modial direction I

,
we con use sphenical coonotinotes to home: R = -RR and EXR= O

-1
In oddition

,
R = (t-tn) so GR (st = - R - (GR(6t) = - >R

=

t:Change density gradier O

es

↑g(" , tn) = gitu dei
g Ogle de:

= j(s tu) Ven = g(, in(t-R() =- g(, tu
6x! 6xj

Current density carl:

Exe n =ESENESSER COSA E to Costo E oXCELLE,

It thus follows that :

VV = -(Ex Jt nettist- net (E= (UE) R
:(A",

t
-

net

Ex = (r(4)(b3x (2x 5(E , t's net + X : (E, t net



he fields are thus:

E(E
,
t) = (4HE)(Beige rett =", -net - Em =(,

fl
-ne

B(7
, t) = (ro(q())(x)2x5 (Eit's net + X : (E,

+)-net]
V

Jefimenko's Equations for a moving point change =

f(x),
t') = qS(x" - Xg(t)) 1 J(x"

, E') = g(E, +Se (t)

III

.

elen c- -

E(
, t) = q(4πE)"[ =/R net + (IRSnet/)/R

- net
+ Inet] B( ,

t) = (Inet() x E<
,
H

x'(t) 99

I : This term is the retanded Colomb field i
.e. the Couloob field evaluated at a retanded time

1
If field changes slowlyenough :

H : This term is a limeal extrapolation of the retanded couloob field up to the cunment time to I + Il ~ instantemous coulomb field
Its structure is given by (EEn . note of chonge of retandeded couloob field

III: This terr is non-worishing at a s, results in ... propagation

*

(t-tn) is the retadation delay
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Relativity
Special relativity is the monifestation of space time symmeting Rotation :

· Einstein postulated this symmetryas:

& 0 O O
RESO(3) S .

t
. R = R*, R= R

1) Principle ofrelativity : All physics laws opplyin all imential fromes --- ⑳ R 1 = 1*, 1 =glg c is pseudo-onthogonal
2) Universal Speed of Light: Light has speed c in all frames

· Group Theory : Spocetime is immoniant under Poincane Group Boost (im l

Poincome Group (10 Poros Lie Group)
= sh-sinene ①

h= hopidity
< + 1 Translation (Spoce + Time)

-

Lorenz Group SO (1 , 3) (6 Pros Cie Group) ① I

3 Rotations

· 3 Boosts

Aspects of relativity
Notation : -

· v = Velocity in frame S

· = Velocity in frame S Einstein's Velocity oddition :I' =

v + Nss

1 + (N5ssi(ck)
·

Us = Velocity of S cont velocity of S'

· At = Time internal in S B = 5ss/c
-1/2

3· At = Time internal in S U = (1 - 19

Simultaneity: Two events that are simultaneous in one from are generally not simultaneous in amother

> Observation: Antificial reconstruction of event by observen independent of their location

Time dilation and length contraction

· Time dilation. Moving clocks rum slow > At = 0 At

· Length contracted : Movingobjects are shoutened in direction ponabled to velocity A= JA

An observed in a france S might observe that clocks mowing with velocity ass num slow and objects are shouted .
On the other hand

, from the point of view of S' the

objects ofnest in S are the ones that are shortered and the clocks num slow
.

Is this a controduction? No, because te two observed are esaming two

different things as meosuring systems are alsoeffected by time dilation and length contraction

Vector Notation

Spocetine follows the Minkoski metric g = diag(1 ,
1

,
1

, 1) cod is thus not euclidean N
.

B. All decent physical quantities should be
KX...

General Temson: I · (T) = kx ... ... 0 ..

cononiunt (i.e. thomsforms with Lonente Thomsform)
Quantities in 4D Spocetime : on be inmoncont (e .g. scalais)

· Ronk-0 Tempors : Scalans e . g. XXM , Fu F....
s Immoncont ander Lorenz Tronsformations An example of involont as the spoce-time internol

· Romk-1 Temsons: Vectors xMXy = x+ y+ z2- (ct)
>

VMContronaniont e .g.
X

,
A..... > (A)) = (6x' M/6XY (A" = 1

J
1 M = (0,

x) one coonclimates of on event in

Conaniont e. g. Xy
, Au.... > (B'(p = (6x" / 6 Xy)By =

pe"Bi Minkowski spocetime
· Romk-2 Temsons :

9
+1

' liktime e

· Contronomiant e .g.
Mr

s (F (M = (6x'/(x)(6X"/JxP) FCB Q · lightlike~

> Cononiont e . g. Fr > (F)( = (0x/Cx()(bx'/Cy) Fab
Ti

-- -- - ⑧-- -
x

I like· Mixed e . g. My , Fu > (F (My = (0x'/(x)(6X/(Xy) Foß
I

spoce

'

Deninatives and Identities

Metric Tempons g Gr
and=S

4D-Gradient : C = (6/6xM) = (6/6x0,
E) (M= ( 6/bx,)

4- Divergence: GA=S A = (6A/XP) + . A



Feld Inonsformations
Let's consider an electric field E and a magnetic field B in 3-Dimensions

As we boost from a finame to another we home the following thomformations :

E
,

= E, and El =

U (El + vx B1)
Bi = B

p
and B

+
=

8 (B+
- (w/cz) x E)

e .g.
For a boost from a frome S to a fromS' with by we home:

Ex = Ex Eg = 8(Eg - vBz) Ez = U(Ez + vBy)
Bx= Bx By = 8 (By+ (w(ck)Ez) Bz =

8 (Bz - (v/c2) Ey)

Field Tenson
·

Eg E FineField Teason is F
Egic BE

Duol Field Tenson :
FM , FM if EXC B

,
B c -El

-Ez/c By - By 0

Why is the field terson like this ?

For a boost in x-olilection
,

the scatrices of E and B get mixed into 6 new volues of E
,
B

This connot be simply expressed by a single vector, however it con be represented by a temson

This terson FM must be onlyscometric as to home six uniquecotries

-j &B 00-
& B 3 O O(F)M" = 1M

v
=

neue MM =

-Ol j
for a boost in the x-directionI wh

B &
O O 1 S

-0001

Them :

o O =
01

(F'00 = + 10 N F1 + 10 I t1000e I O
81 1 · 10

,
f By componing with eg . for the transformations of the fields

=
10 g =01 O(F'(0 = 1

.
1 + 10

, 101 + 1
, 1 s I + 1

,
1

,
fa

we get the Field Tempor and Dual Field Tenson entries

...

Continuity equation and Maxwell Equations in Tenson Notation

How do g and I thonsform ?

Consider a frome S' moving with =* ants

In Si g and J= gl where aux is velocity of changes in s

g = Q/vxL and 52 1

In S' : Vi < 1-(/V and a I so

S'88 x' o and Jgi Jy , 5z' 15z

As . U and (5) = N 5:i

-

This results in :

+ 105 = y (5° + (u(c)5) If IPCg and I I we home:
(5)8 = 10

. 500
+ 11

1
=

1
(5') = 1

1

50 (5 - (u(c)5
%) (5% = 09 ,

(5) = 0 (5) = Jy ond (53= 5z
2

(J')) = 1 ja = 52
2

3 3(J'(3 = 135 = 53
-

The 4-Canent is them : IM = CCG , Ex , 5 g ,
JzT

Continuity equation become : SIM + E.=



Summang
Moxwell's equations
Moxwell's Equations are :

1
. Gauss : .E = j/Eo 1. Gauss : =V = - f/Eo

2. Ampère : X = No No 2. Ampère: -

.
30 ( A/(E) = Mo30 (2V/67) -Mo

3. Fahodoy:
Ex E= -

& B
3. Foraday: É = -V - (6/st)

St

4. Anti-Dinoc: . = 0 4 .
Anti-Dihoc : B = X A

Gange Tronsformation
A Goage tronsformation is thus only tronsformation that odds S to A and odds CH to V

In 4D Spocetione : AM , +F
Lorente Gouge : GuA= +.=o

Field Transformations
Let's consider an electric field E and a magnetic field B in 3-Dimensions

As we boost from a finame to another we home the following thomformations :

>,
E

1
= E, and El =

U (El + vx B1)
Bi = B

p
and B

+
=

8 (B+
- (w/cz) x E)

e .g.
For a boost from a frome S to a fromS' withs we home:

E= Ex Eg = 8(Eg - vBz) Ez = U(Ez + vBy)
Bx= Bx By = 8 (By+ (w(ck)Ez) Bz =

8 (Bz - (v/c2) Ey)

Field Temson and Potentials

The 4-Potential is : AM = CVC
,

EST
-

0 Ex/c Ez/c

Field Tempor is far
Exc o Ey By Duol Field Tenson :

FM , FM if EXC B
,
B c -El=

- Ey(c - Bz

D-Ez/c By -Bx

Coroniont Quantities

4 - Current JM

Continuity equations b CAM =O Where INF Cog ,
5J co (8, V)

Justification of JM :

Consider Sq = gdx is total change in a volume B in an imentatial reference frome k

Change Sq is Lorenz innorcant i
.e. gox = g'dX

Also : d= = + is Conte Inn
. Co transforms like o

4 - Potential and Field Tenson

E and B are involont rectors acconding to Galileon Erroup but not w. o.
t. Lorente Group

For Lorenz Group : Field Strength Teasons FIAT SAM CGun Phonk
,

ontosgometric and contronomont ters on
Ol

Each index of the Tenson tromforms independently A =0 (A0-
.=)

F'MGG A p = 0 (Ay - BA)
->

F = 1FAT Ax = E
+

Moxwell's equations
In Tenson notation : Moxwell's equations:

1 F = NOJM = Goss Ampere Moxwell 1 B2AM = - No JM where = 66 ond 6 = gM by , gM = diag(- 1
,

1
,

1
, 1)

2 2
,
6 = 0 = Forodoy + Anti-Dihoc 2 Automatically sotisfied
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Mechanico

Types of mechanics :

1) Newtonian Formulation : F= ma

2) Hamiltonian Formulation : H = T + V

generalised coonclimates and momenta

3) Laghangiam Formulation: L = -V

> Relativistic

Amplitude = ((path) in
Action

Feymum Path Integral

Lagorgion Formalism

Action : = qH dt

Principle of Least Action : Action as extremamminimised i
.
e. SS = o

Action isanonimised of Laghongian sotisfies Emben-Laghong Equations. ) = J

Example
Relativistic point porticle with changeq in Electric and magnetic fields
L = T - v = Emv2 - g(V - v.5) F= ma = q(E+ 5+5)

Fields

ECH
,
B(xt) < Infields , ond are parametens and as fields are continuous theme are infinite degrees of freedom

Ponticles : Discrete s Degrees of freedom
Fields : continuous Degrees of freedom are infinite

i -M
,
k

- Lagnongian Density"

Pi
< Ok(X) - =L(, gi) = L =(2( , (0)

9 :
< 60k(x)

Action Integrali sfC ACELFor actionto be invoiont weneed f inse se Lohentzime

Electromagnetism
In the case of Electromagnetismi Ox AM

, SMOX GAM

We hove to guess Lagongion ,
which we expect it to be:

· Quadratic im velocities A on FMW

· Scalan and Invoniont

The only options are Fax F, FG andG but Fr CM as a pseudoscalant se .
odd ander spoce immension

We also need to consider source densities IMCAL = Cog ,
SC which bring about interactions

Postulate Cognongion Densityas

L= FRAM Interaction Lagrangion ... interaction of cunment with potential
Free Loghongion

We now hove to show that Moxwell's consoniant equation are directly delined from the laghangion
Fr GA S Ay > FF= (OMA-GASCOMA-GAM



Solutions

G )
=

-Fax = 5 · 6F = - po5
66B = 0 > OK because we use Am

Photon

Mass zeno of photom comes from goage innonience of theory
>

We com only pat better and betterappen limit on mass of photom but never phone it is zeno Cannent Limit myConte

If photom hod mass different frequencies would have different speed and potentials would home afall-off

Lecture 29 . 02 . 2024

Moxwell's equations are :

· Lorenz Invoniont

· Gouge Immoriont Leods to zero mass of photon

La giorgion Density
[(x) = - 1 FaF - 12AA + J

,
A Proca Equation

Free Terra" Mass Terr ' InteractionTerra

If we don't include the mass term we get : O-No from EL Equations p = mj(c/h)p = Compton Wonelength
*

However this changes when we introduce the mass terro IPAS A - NOJ
With mass term there is no more Couge Innonancone except for Lorenz Goage
Maxwell's equations change : F. E= Potentials appeal explicitely and thus no Gauge Inn .

Addingmass leads to 3 degrees of freedom instead of 2



Aside of Lecture 04 . 03 .
2024

Change , Emergy and Momentum

Change
The continuity action (which com be denined from the Laghogion on Moxwell's equations) states the local conservation of change :eq

G= Gf-F. = 0 c A change in change density correspons to a current

Emergy
The work dome on a change configuration is given by = F. de

For a point change : F = q(E + vxB) ond d = vid > dW = F . d = q (v? E)d

For a change distribution :

gi g and gr, 5

dW = (E . 5) xd on i = ((E.5)

By Moxwell's equations:
E. (5xB) = (5X E) . B - E: (EX B) = - B. 0 - v: (EX B)

ERES EEe
I > GE

E. 5 = po E (5x B) -

a
E

&t
.

= -20 (B +E -

: (ExB) = - 0+a - (ExB

It follows that:

v = foux - 05 . da Flux density: Flux through dos

I

Power modiated away
Flux : Integral of Flux densityoven sunfoce

Emergy (density) stokedin fields Ecod B :

a= E [U] = Im
-

Emergy flux density of energy leaning sunfoce : s = (E x B) IS'
=

= 5 m
-25- 1

The note of change of work on a change distribution is minus the change in emengy stored in the fields less the emengy leaning the system

If there is no change distribution tooctupon WO and Sa . S = O

Momentum



Lecture 09 . 03
.

2024

2n-poles Potentials

When we are for away from a change distribution with total change Q we com see that the electrostatic potential goes as n QXR

Nometheless there are still some connections
,

which become oppanent when Q is zeno

These connections are known as 2-pole connections

Example : Electrostatic dipole
M

7 P R
=

= x- x1 R
=

= x- x:
R +

19+
=

R! = 1x - x) " = (x- =1) . (- E,) = (xp + x - 2(x: x") = (p + (6/2) - (Id cos = 1R(1 +
b

- , cos

d L
I-e

C RE = I-XP (E). LE ES = IP + X 2 (XX = CERCORS HACOSTEPC
,
Cos

R /2
- If (X( b

, RI=( (1I , coro) R= (17 , 2010)= (11 ,
cost

v ·

9-

=The potential is : V (*) = V
+
(x) + V (x)

9

(I R
.

) = , pos
1

4 E o I
The dipole potential is them : VoipCAP where I s the dipole moment pegba

Radiation

Accelerating changes carly emengy away to infinity , locking to pociation

IRodiation: Thonsport of energy intevensebly out of infinity Li .e . awayto infinity by Fields

. As such
, fields are chanoctenised byamon-zeno Payatingrector

The power cornied way by the fields as: Prod (to = fisP(u, t

to is the toe at which modiation left the sounce and t is the cument te .
It follows that, to - IXX ad to to I

PCI is the Power tonensing a surface a distance i awayfrom the origin at the carment tonet and thus correspons to the power modiated at to

As we consider = IXI Lo
,

we com use a sphenical with A Good IN IN

Therefore ,
the Poyatingsector must go n lat most) at large as if it went as tCos

,
Sda, o as h se no nodiation

The multiple expansion

We now wish to find these connections for the exact solutions to the Maxwell's equations. The retanded potentials
The potential rector con be whitten as : AMAL Junet e

We con expond this potential by considering the long worben the approxionation bywhich II

Considering: 1x- x c= (x- x) . (x- x)) = x
+

+ (x) - 2(x: x) = (pi + ((((1)- 2(E) El
-

Applying : IP-PIP 1-2 (. X) (1) Oh

1/2
1-elele) (1-2 (e)((e)) = (e (1- (e ...'

3

-

3 (..)2 5
t IIt follows that : (1 +3) x ( (1 - 28 + 88 8 +

... ) =2 c 2 11
-

2 ( Es
i

...

We com thus White : AMAC net N( -ne + /(E . x ()
.

ByC
- ret

I

2m-pole tenme



Dipole Radiation

By making retailed time dependence explicit we home. ISMCA netSMLX tret where thett IXXIC CALC

If it changes slowlyin time we con expand IMCX
, tret oround the retanded tie at the origin i

.e . to -INC

Them :

5M(X"
,
+- ) 5

M
(X" , to) + M(X , tob tratto ( tot (tret-to) +

. ..
= 5* (x"

, to) + 5M
(x , to)( . x))) + 1(x, to)(.) c + .

As it changes slowly we home : IM(A tret SMCXP
,

to ( + JM(XP , to) (*.X)C

It follows that : ACAS nom(belen( , to+ n
,to

- /mente (ese, pesto pe to +
... )

= / tot(es5(e ,topless tolbe as cas (clep) no

Them : /(
, t) = cas a o /stoldei /gläteglei , to=e

↑(7,
t) = (5(x ,

to)bx'= po (Why con we ignone the next terms !)

why is po = (d3x 5(x)
, to) ?

s = Jag(H (x) sp = ( xf(x ,
+Bx' = fx"(5) X

↑(xi5) = : (: 5) + 5: (vx) = x (5) + 5° < 5 -(y (i5) = - (XY (: 5) (EY" = - xi (V
:

5)

=JEXECCELLE SELESE
as I is extinely in the exclosed voluane

Electric and magnetic field
Moxwell's equations: E= -VV-GAST B= X A

We one interested in terms that contribute to the modiated powera . e.

trans atmost I as I Lead to S
,
a L ad P O as I sa

( . pd)
+ (0(1)

.

=v= ( + (EPI LE PS P
C

-

5) (. (. p,(.. d
--i p +

( - p)
-

Ciel < IXp
.

=

Ix
2

Vip) 1 (.+ (pd+X( po) + px(x) (. po
(t to) = -

.p- =

c
2

UTE CIA GTEo C1El E UTEO IN

...

Po No
=Gäst = del

>XA=No p o (xp (r)x x (ig , to :=

-n (lüg , tollie ((l x je, ! =
-No Lexpol/I

Therefore,
the fields ane :

No
-

P ...
-p

.

=
o

IX(X net
where trat to = +-E(X

, t) =

UTA -

E I UTIE
het

B(x, t) =- (x)net

Payeting Vector

S
= (Ex)

=- (e) - x(ex)).
+

-

he
-

Mo
=

le
.

(.). (. )- (.)
.

- (p.3) - (p.)
.

- het

No
=

No
= fep p + (.) - (e.)(~-(.)

net 16 .

/P - (.) E



wer Rodiated

The Payating rector is given by Se c
The power modiated out of a sphene of modius R c : PLR, = SLR, da

Choosing the z-direction to conrepond to the direction of p we home:

-

d = Rsino dodo

S
= noe lepsin (P(R

,
H = < (to)P

- net

. da= (to)sine

Landon Formula for El (Dipole) Radiation : PCR
,
I

C
j) (to))

If dipoleno
, funthen connections by magnetic dipole u and by electric quadrapole Q

Monopole does not radiate as change is conserved a conservation of change inhibits changes in monopole field strengthis over time

It is alsointeresting to look at the direction in which the particle nadiates the most strongly
We nove: P = /S . d= da from which follows that No(p(tosi
A ponticle nodiates the most along a direction perpendicular to its dipole moment

Example : Lahon Formula For a Point Particle



I homson Scattering
Consider the plane wore ESEloxwot polanized along o

and propagating along to
Now consider on electron on which the wore scatters

~The scattered wore will be : E:ECC WH

I - L

E
im

&

- · - .....

~
. o,

e
-

1
The force one is given by: F= mi = q(Ein + vx Bin) - e E

in I
The dipole moment is given by poqu s gra ... p quin in

=

Therefore ,
the scattered electron will occebenate alongthe direction of oscillation

of the incident electric field and it will modiate along a directionI at ongle O wit dipole

2
A A

By te Lamon Formula for El (Dipole) Radiation we home. IP No (to) simo =

No &. (to) = No .D
↑

d
-2 16π - 16π2

The average oven one cycle is :

Ndp eoe 13 Einoch e 2)Ed.< ↑

do emengy odiatedunit timeIunit solid ongle
,

do
=

No

d
-2

=

incident energy flux/unitarea/amit time da232428Moce * o =( me) .E co=

Time ovenoged Payinting rector for Plane Wove: LECC



Lecture 11 .
03. 2024

Dimensional Analysis of the Atomic Boond

Fine Structure Constant : <

· In SI (kg,
m

, 5) : 2 = e2/(4πEo(c) = 1/137 In all units 21/137

· In "Gaussion" (g,
cm

,
5) : < = ef((c) = 1/137

· In oriside-Lonent : =/(c)/137

S
. I. Units : These unite con all be denived from constants

Se
Mechanical This relation hold as long as SR and QM are assumed valid

M

a
kg

· s from Akg from h

Only m
,

s
, kg are fundamental

m L

ok from·mol from NaC

Al
V

mol
· m from cod from Ked

k cd
· A from e

L

Colomb Law : So acts as convension factor between mechanical units

F =
9192 S

.
I.

4 N2on
No So Change is olneodyin mechanical units

change not fundamental
OF =

9192 Gauss
haFg9192 HL

42

Natural units : c s , c CNOTEN as Coad home diff. dimensione) s Velocities in units of c
, Ang.

Morn. in units ofIn

Particle Physics units: Everything in units of length on energy

Ahanomon-Bohm Effect
Eand B are not fundamental as they are machocoscopic monifestations of change distribution

However
,

Eand Bane observables while theaone fundamental quantity AM is not due to Gauge Freedom .... do not appear explicitly in observable quantities
In QM the fundamental quantity are the photoms ,

the quanta of the field At

Hamiltonian Ha inA where t -A with que and we ignone
HYd() = E Yo(N)

Y(n) = pie() o()

Choose 1 s.

t. enA=O Li .e. Gauge Innancone) s .
t

. CO EXCEL
Solve () =- e c

B

o [2P() = -ACE poca) Is it independent of path? ~ (d . A -de. = de. = (d . (x) = (d . B = E

E

. B

V

Solemoid1 No
B

↑I I

1Se solo fo but does interact with as it doesn't get inside solenoid

i (52-

51)R2) changes in interference pottene
NoSolemoid p = 41 + 42 = R

,
e is + Re eisz = eist (R,

+ e

. CE

n
Solenoid 2 p =

de
+ e- (d

.
42 = e

=) ... es (Re + Rgei (52-se + ie/h)



-hahomon-Bohm Effect

The Hamiltonian

The Laghangion of a particle in an EM field is given by: L = Ia quAn =8 (0. 8) - 1 mc2 - 89(V v. A)

In non relativistic limiti I IoC. - q(V - v. A)
S

The camonical momentan is Pom (OL) = o+ qA = P +q
2

IThe Hamiltonian is thas: H = pcan - L = 1ma + qV = +V =

2
(Par-qA) + gV

The quantun Hamiltonian is thus: I = 2 (iGV - qA .
- chE - qA) + qV

Schnodinger Equation and Garage Tronsformations
While the Hamiltonian depends onlyon the potentials ' and

,
we know the these potentials manifest machoscopically as the fields E and B

These fields are given by E= -EV CLASS and B= EXA and thus present the following goage impaniance .

>

-. . A = A + 5 x

vi = v = v - 6
,
x

Due to a Gauge Thomsonmation. I I IS

A = (2m)" ( - ih5 - qA) + qv = (2m)"
=

-h +qA + igh (t . A + A .) . + qV

A' = (2)
=

- ih 5 - gAqV' = (am)" - At" + p (A" . -") + igh( . A" +
= 7 +q =

-

-f + q2(A + 2 (A . 5x) + (x)) + igh( + v:x + A. + 5x . 5)
.

+ qV - g) == (2)
=

- Il

= (2)
-1

-

(iht - qA) + q2(2A5x +(x))) + igh(x + Ex - 5)
.

+ qV -q), =

-

M

= H + :x + 5x . + (Ex) +
i9h
am
(txx + vx .5) - g), x

The Schnodinger equation is :

M
· Before Gauge Transformation : i = Hy = (itt-qA) . ( - ih -qA)y + q 4I

20 al~
t· Aften Gauge Transformation : i= H'y' = Ap' + 9 :.x +. y m(x+ (y' - q(6 X)

For Q andI' to describe the same system , y'con differ to p by onlya phase factorI' ye
It follows that :

-
2

1 = = y + i
+ - - y . ciA and Y' = (2) - h P (ye) + qAyet + igh((t)A (yet + A (5y +y;=)e

=A) + qV pe
F

=

-

= ()eit_ :(1) () + (Au - (A).e-4k(A!. 1) ye* + qVyeiA201

↑ (yet) = F. (tu + i(1)y)e
=

= ((p)e
+ 7

+ i(51) yet + c (EA) . (y) :* + (y + c(EA P) . c(A)=

= [(f(p) + 2i(1)(p) + i (
2

A) y -(1)p
.

:A

Throug careful substitution and hearhanging one can get:

C

=FYX)ASSOCIAL GA) GES G2

ih -

O= y + 5(qx - h
- )

-

m(ty) + 2mq(5x)- h(v]) + 29A)Y .

+
cm - (qx - h1)

.

y - 2
+ (qx - h

--) y

We thus becomen the original Sch
. Eg . i -cost et where a coast

.

However, as we are generally interested in phase differences S - I we com set the constant to zeno

Consequence
We proved above that a gauge transformation introduces a phase terr in the worefunction se per -ple where q
We can thus exploit goage transformations to simplify H' and solve for Y' .

Bymultiplying y' by te phase focton we can the find y even if I is veng difficult



Application
In general ,

the Hamiltonian can be greatly simplified by settingt s.
t. A=

This correspons to a please shift a where is the path followed by the particle between points a anda

Proof : By Gauge Transformation:

!..."
=

= + 5x Note : Gradient theoreon (f) de = fas - f(ad)
I · v = v - C

,
x

>

If A,
it follows that : = I XC de with (N) = 0 i. e. is anyconvenient reference point

Now consider a number of particles going from o
to . The aparticle follows te path I

a

The phase different between any two particles is given by:

C >S =
--i

-

j= de =(xdi = (Ba= E who s is the surface enclosed by 1 = 5 - 5j ond is the flux of BC

S

-mone accurate description would be : S SCBO) CGIL B
Where SCBO) is te phase difference not due to A orod B

Classical Vs Quantun Effect and Interpretation

Interference:consider elections a and 2 with amplitudes C and Cerespectively
The interference pattere will depend on the relative phase between the two electrons a .e. S En Es

Why?
Worefunction : p = C

,
e

01

y + C
,
e02

y

Overlap :<(4) = 1
,
p + (cf + c*Cge + c* ,e c =

By setting (
,

= (2 : I < 2/C1 (1 + cos (S)

Geometrically ,
one con colculate S = 9 = 2

Intensity is:

· maximum when S = [0, 1, 2, ... i . e. constructive interference
· minimum when S= , , ... i . e .

destructive interference

Shift in the interference patteron : Now consider the oddition of a verging sittybitt) solenoid

in the region enclosed by the paths of the two electron

2 Situations:

1) No cunnent : Zeno Band Zeno A < S = S(B = 0) = 0
,

- 02

2) Cunment: B entinely confined within solenoid but non-zeno A outside < S = S(B= 0) - ↑ EB

In case (2) ,
te phase difference is changedand thus the location of eoch peok is changed by

Ax = - 4 As = -9h

Classical Quantum

E= Bwd dXTAx = -

L -

&
B

F = p = q(E + vxB) d = 1x/z = -9=

Ap= - qwB = - qB(d
L' = - qEB(pb = - 9 % E

p

Pe



Interpretation
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Moxwell and QM

Moxwell equations are perfect for mony situations e .g. for owog objects such as stans
,

etc.

However wheneven we look at single ponticles systems on pontile interoctions
,

Maxwell's equations are not appropriate

To extend electrodynamics to quantun situations we will need to quantize the fields .
However, therelevant fields are not the E and B field but nathe

the photoo field AM of which E and Bare a macroscopic manifestation .

The photoo field is the fundamental quantity as seem through the Lagnongion
and the "Ahahomov Effect .

Quantization of Electrodynomics commot
,

however
,

take place as in standard QM as it is not relativistic se.
X is an operator

but I is just a parameten .
We thus treat x I on equal footing by treating both as parameters and promoting the field AM to an operator (QFT)

Why fields? Fields consule locality in classical physics ( more action at a distance) Quantization of fields con be consistent with special relativity

Quantizing EM Field AM

Fixing the Gauge
The theoryis goage

invonionts Properties of theong and of the field quanta must be the same in eveng lange
Two most commonly used

goages :

· Lonenetz Gauge : GAM Note : Photoo has initially -degrees of freedom Ao , A, Ay where

· Lorenz Immoniant Ax includes two Coulomb
gouge

reduces it to two (A! = 0, .= 0)

Simplifies most equations and Cagnongian The Ao ,
A

,
are called instantaneous Coulorb Potentials

· Coulomb/Radiation Gauge :
: A = 0 = 0

· Not Lorenz Immoniant

Fixes to ond odds a constraint on the 3-components of A Reduces degrees of fineedom to two

Even though the theory presents gauge invasione
,

we must choose ond fix a goage to continue the quantization .

We choose Coulob's goage

Quantization of the Free Theory in a box

Free theoryCagnongon Density: L = NCFF
It connesponds to the following equations of motion (Loret Gange) : SAM =O

Through fourier tronform, equation of motion of harmonic oscillator with moneatur

Field is infinite collection of hamonic oscillators with infinite modes

Quantization of field is quantization ofall honomic oscillators using commonical commutation relations

Note : at is creation operator while a is orihilation operator

This allows for the following Founien Expansioni =(A)=EC x() k Com
. Relationships :

V = Volume of the box , v for normalization [ax, ax
2

-

= [a+

x,
a

+

x=

= 0 x , +2

stegkN
.

B.. =x and K = Ky with h= diag, t
, t [ax

,
(ki)

, atx(E). k2

AL, H is a real (i .e. Heroitian) operator quantized in a box of side I and volume V Load thus monoalised V si where a O
,
I

,
I

....

The surmation happens oven all possibleconnectors I li .e
.

over all possible modes) .
As the photoo field con octually home two polanisations perpendicular

to K
,

there are two possible polanisations rectors Ex which satisfy Exo . Therefore ,
to include all possibilities ,

a suonation oven all possible
polanisations rectors is required (i . e .

suration over x = 1
, 2) . If KE

,
E
F LEG CIG

Classical Hamiltonian



From the Laghangian one cos deline the Hamiltonian H = EXEX CBCA)
The Fields are : E-EV-OA B= EXA

By Color gauge : V = F. A= O E OnlyThonsense Polanizations !

It follows that :

2
t

E = - 65= (E)in+
(k)e

- ikx
- a

x
(1) eikx

-

B = =x A = y f(E)[atx(k)e-i ↑

=esCatenelle enell->

) =

X -

Therefore:

> * -i ika-- t
e a

x (k,
e i -ik (x.=)) =E= = E . E -1 f(ki)f(kz) (-iwi)(iwz).c ... -(

..
ax(k])eik -

ax
,
(E)e

I
I

- i (X
- A x

,
(k)a

+x (k]) e
(X

I
↑

2
(=E f(k(f()(w,ws)ax (ki)ale

(k1 - kz
+ a

x1
(kil ax (2) ei(ke-ke) + -i(ke +ka

- a
x,
(k)ax(k2 ei(k+

+ k2(x (2x.
*

- A IB = CB . B = E f(k(f(((kekx(kia(elkax,
(kx(geilk ↑(k)at(k) e (etkelax

/
(ilaxelke elekel

_

[(x) .(E

The E-Tehron : C
i (wz-w 1)t ei(w1 + we)t

V v
He = 1 (b3xE,t)= f(k)f(k)(wwa)(ax (ki)ax( a

x1
(il a (Edl) (v6(ki- (2) (a

+

x,
(ki) axy(2) + a

+

x,
(ki) a

+x (Ed))(vS(5 + #2)(Exi(
1

-

(k= 5 f((f() wwa(k)ax() +x
,
(kx(e))(x(E)↑

2

-C
·

- f((f)w(a,katka)())):
= 1. (E(f()wa(ax() + ax

,((x(E).S ~

(E)Exe
7

E=wax(Esa(
:.in Sum of hormonic oscillators Q

=Cfor all modes K I ThusCWEw
= 1hwlax(*) ax(E)+ Note:J ka

= V S (Ea

The B-Tehe : Similarly to EH CBE,H =Ela(x( + E

The Hamiltonionis : HIIAE Ground state emengy is infinite
/2) hwx is ground state energy of oscillator s infinite collection infinite energy

nuat((x() counts particle bydeletingand odding ,
adds energy for each particle counted



Lecture 25. 03 . 2024

Casimin Effect N = Counting operator
e

-

wHamiltonian : H = I h (at=,+a =, x
+ 1) with bosonic quantization relationsI S

K
,
X

Vocuum state : IOL as it as zeno quanta
n-photon state : Ins statis = ma la + 1) and a (m) = n(x - x

Note : We dropped momentum and polarization in state: In Ik ... k , n

Casimin Effect : Vocau emerg in a confinate region is infinite . By introducing two conducting plates we modify vocuum energy leoding to finate calculable effective

Befone : After : Due to plates ,
all oscillator states must satisfy boundany conditions

17
- X - Ly The effect must be a Pressure P i.e. Fonce per meters

J

. m

- IPI = IF] In /s - Kims
mu

P =B
T se

S >
L Cx Accordingto Casimin

, FO but 10 i.e. attractive fonce

> Z

Lz↳
V

4
= L

standingwore blocked by plates
i

Vectorfield : A (tufe e · A(f) = Ax(=( + Ag((y+ Az()zE
,
X

When 2x = 2y= L

Ax() = 8/v Ex cos(1) sin(kgg) sin(KZ) -kx = /L Standing wore conditions in conity

Ag() = 8/V By sin COD sin ky = mπ/L I Impose Colomb Gauge : F. A = O CEE)
*

Ez = 0

(z

Az() = 8/V3z sin sim COS -kz = nπ/z Two degrees of freedom if m
,
I on n are fo . If one is zero

, only one

polanization

WemmKemm = C = (l + ma)((2 + 12/23z.
Zeno point esengy inside the conity

-

ma ne
e

(2)wenn in
· only in case I

,
m , n fo

Now
,

take LLz = b c replace sums oven I
,
o by integrale

(da

E(d)= ( enopoint emegy inconity (a in on other finite region in spoce)

Potential U (d) = E(d) - E(r)

Emergy required to bring plates from a lange distance to d

E(1) = (22/2)k(kk+ ke
~ ky

5 :

2
.

T
polan cooncimates in

x , kg plane dagadade o from O to 2 as 10
k
↑

S
1 for Kkm

very high frequency wores do and see plates c insert autoff function flif(E to for ko i
. e . one over atomic size

-

I /2
U(d) = 22 e dau(u+ f(n) -dau(uf(u

=( (0) F(m) -dkFc

Eulen-Molaunin Formula: FCMF( = -EFCO) -

2
as FCO) = -4 while FCO) = FCO) for 4

U(d =- 2

ha
P(d) =

-d finite Corimin fonce/ahea
C

pr- m.


